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THE LIFE OF ONE MATH PAPER
YAROSLAV SHITOV
I want to tell the story of [1], a research paper I had written and submitted for
publication in Semigroup Forum in 2013. It spent eight months under consideration
and eventually got rejected on basis of the report written by a referee who ‘did not
make a fair and proper assessment of the merits’ of the paper, according to the decision
of the Semigroup Forum Council that I was informed of by e-mail.
The paper got rejected from five other journals, and only two of these five supported
their decision with scientific referees’ reports. In particular, my use of the standard
convention to exclude the zero element from the tropical semiring was the first reason
mentioned in the decision letters of LAA and Izvestiya. For anyone able to see that
(a, b) → max(a, b) and (a, b) → a+ b
are continuous operations, such an assumption does not weaken the result, — but the
reviewer of Izvestiya wrote that the ‘limit arguments do not always hold over the tropical
setting.’ The Operators and Matrices stated that the ‘paper is not on the OaM level’
and did not even bother to explain if it is too good or too bad in their opinion.
The paper was eventually published in Ars Mathematica Contemporanea, but it disap-
peared from the journal website several months later. The Editors-in-Chief D. Marusic
and T. Pisanski contacted me and wrote that the latest version of [1] ‘does not meet
the standards’ of their journal; they sent me an altered version that they were going to
publish. In particular, the editors removed several important remarks concerning the
originality of my results — the papers [1] and [2] contain several similar statements, and
it was important for me to point to the first version of [1] as their original appearance.
I replied that the amendments are not satisfactory and asked the editors to either re-
turn the initial published version to the website or at least to explain what is going on.
They did not reply, and several days later a sentence that the paper was retracted ‘with
author’s permission’ was added to the journal’s website. In any case, I would like to
thank the corresponding editor and reviewers of Ars Mathematica Contemporanea — I
greatly appreciate the effort they spent on reading my paper, and I would not give a
permission to retract it if it was up to me to decide. Finally, my results were improved
in a very recent paper [3], so it is time to cease trying to get [1] published.
The story of [1] came to an end, but many other ideas in modern math are still
attracting me: As a dog returns to its vomit, so a fool repeats his folly (Proverbs 26:11).
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A SEMIGROUP IDENTITY FOR TROPICAL 3× 3 MATRICES
YAROSLAV SHITOV
Abstract. We construct a nontrivial semigroup identity satisfied by the tropical
3-by-3 matrices.
1. What is this about?
The tropical semiring is the set R of real numbers equipped with the tropical
arithmetic, that is, the operations a⊕ b = min{a, b} and a⊗ b = a+ b. The product
of tropical matrices is defined as the ordinary product over a field with + and ·
replaced by the tropical operations ⊕ and ⊗. This paper is devoted to the study of
tropical matrices from the point of view of semigroup theory, and we are particularly
interested in semigroup identities which tropical matrices satisfy. This problem has
been considered by Izhakian and Margolis [8], and it turns out to be interesting even
for 2 × 2 matrices. Actually, Izhakian and Margolis have shown that the so called
bicyclic monoid admits a faithful representation by tropical 2× 2 matrices, and they
were able to give a shorter proof for the well-known result by Adjan characterizing
identities of bicyclic monoid [1]. No non-trivial semigroup identity has been known
to hold for matrices of larger order, and the question of existence of such identities
has been left as an open problem, see Section 4.3 of [8]. The further progress on
this problem includes the papers [6, 11] providing different identities that hold for
triangular tropical matrices and the paper [3] that shows that the monoid of 2 × 2
upper triangular tropical matrices is not finitely based. Despite a considerable amount
of attention in these and several other papers [3, 6, 7, 8, 11], the general version of
the problem remained open even in 3× 3 case, see Conjecture 6.2 in [6].
Conjecture 1. The semigroup of tropical 3× 3 matrices satisfies a non-trivial semi-
group identity.
The contributions of this paper are as follows:
(1) we prove Conjecture 1 by constructing an explicit non-trivial identity;
(2) we construct identities satisfied by tropical diagonally dominant n × n matrices,
generalizing the result proved in [6, 11] and giving a shorter proof for it.
Our paper is structured as follows. We recall basic facts and relevant definitions
in Section 2, and we proceed in Section 3 with a deeper study of the notion of sign-
singularity of tropical matrices. In Section 4, the concept of a diagonally dominant
matrix is introduced, and a useful relation between diagonal dominance and singular-
ity is pointed out. Actually, the main results of the first three sections are auxiliary;
the author cannot claim that they are original although he was not able to find any
particular matches in the literature. In Section 5, we prove one of the main results by
constructing a semigroup identity for diagonally dominant matrices; this result is a
generalization of the similar result [6, 11] for triangular matrices. Our method seems
to give a much shorter proof of this result as Section 5 is actually self-contained and
does not rely on the results from previous sections. In Section 6, we demonstrate our
2000 Mathematics Subject Classification. 15A80, 20M05.
Key words and phrases. Tropical algebra, matrix theory, semigroup identity.
1
2 YAROSLAV SHITOV
technique in use, and we prove Conjecture 1. We analyze some recent progress on the
topic in Section 7, and we point out the directions of future research in Section 8. We
finalize the paper with the words of appreciation in Sections 9 and 10.
2. Preliminaries
We will denote the set of tropical n-by-n matrices by Rn×n. By Aij or [A]ij we
denote the (i, j)th entry of a matrix A. The tropical product of matrices A and B is
denoted by AB, and the kth tropical power of A by Ak. Recall that by definition, the
(i, j)th entry of AB equals minnt=1{Ait +Btj} for any i and j; the product operation
is associative, so Rn×n is a semigroup. We say that Rn×n satisfies a non-trivial
semigroup identity if there are different words U(x, y) and V(x, y) from {x, y}∗ such
that the condition U(A,B) = V(A,B) holds for all A,B ∈ Rn×n. A word u ∈ {x, y}∗
is called a subword of v ∈ {x, y}∗ if there are w1, w2 ∈ {x, y}
∗ such that v = w1uw2.
For any s1, . . . , sn ∈ R, we define a similarity transformation on R
n×n, which
sends a matrix C to the matrix with (i, j)th entry equal to Cij + si − sj . Subsets
S1, S2 ⊂ R
n×n are called similar if there is a similarity transformation sending S1 to
S2. Clearly, every similarity transformation is a semigroup automorphism on R
n×n.
The tropical permanent of a matrix A ∈ Rn×n is defined as
perm(A) = min
σ
{
A1,σ(1) + . . .+An,σ(n)
}
,
where σ runs over the symmetric group on {1, . . . , n}. We will write Σ(A) for the set of
all permutations τ providing the minimum for permanent, that is, satisfying A1,τ(1)+
. . . + An,τ(n) = perm(A). We say that A is sign-nonsingular if all permutations in
Σ(A) have the same parity.
3. Some properties of singular matrices
One of the standard tools in tropical mathematics is based on the fact that the
tropical semiring can be thought of as the image of a field with non-Archimedean
valuation [5]. A related technique allows us to prove of the following theorem, which
strenghthens the result is contained in Proposition 3.4 of [12]. We denote by S the
ring of all formal sums of the form s =
∑
t∈R ctX
t in which only finitely many ci ∈ R
are nonzero. Denote by deg s the degree of s, that is, the minimal t such that ct 6= 0.
By S ′ we denote the subset of S consisting of those non-zero sums in which the
coefficients ci are non-negative. Defining the operations on S as formal addition and
multiplication, we note that the degree mapping is a homomorphism from S ′ to the
tropical semiring.
Theorem 2. Assume that the tropical product AB of matrices A and B from Rn×n
is sign-nonsingular, assume also σ ∈ Σ(A) and τ ∈ Σ(B). Then we have τσ ∈ Σ(AB)
and perm(A) + perm(B) = perm(AB).
Proof. Step 1. Denote ψ = τσ. We have [AB]i,ψ(i) ≤ Ai,σ(i) + Bσ(i),ψ(i) by the
definition of tropical product, so that perm(AB) ≤
∑n
i=1[AB]i,ψ(i) ≤ perm(A) +
perm(B).
Step 2. Construct the matrices A′ and B′ over S (and over S ′) by setting A′ij =
ξijX
Aij and B′ij = χijX
Bij . Taking the coefficients ξij > 0 and χij > 0 algebraically
independent over the rationals, we ensure that deg detA′ = perm(A) and deg detB′ =
perm(B). Defining the matrix C′ as the usual product of matrices A′ and B′, we see
that detC′ = detA′ ·detB′ because the determinant is multiplicative for matrices over
rings. Taking the degrees of both sides in the previous equation, we get deg detC′ =
perm(A) + perm(B).
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Step 3. Denote by pi a permutation for which C′1,pi(1) . . . C
′
n,pi(n) has minimal possi-
ble degree d; assume that d < perm(A)+perm(B). Step 2 implies that the cancellation
of degree-d terms happens in the expression detC′ =
∑
ν(−1)
νC′1,ν(1) . . . C
′
n,ν(n). In
other words, there should be a permutation pi′ of parity different from that of pi for
which C′1,pi′(1) . . . C
′
n,pi′(n) has degree d. Since deg is a homomorphism, the matrix AB
can be obtained from C′ by entrywise application of the degree mapping. Therefore
perm(AB) = d, and then pi, pi′ ∈ Σ(AB), so AB is sign-singular.
Step 4. The contradiction obtained in Step 3 shows that d ≥ perm(A) + perm(B),
that is, perm(AB) ≥ perm(A) + perm(B). Now the result follows from Step 1. 
Corollary 3. [2, Theorem 9.4, part 2] If the tropical product AB of square matrices
is sign-nonsingular, then both A and B are sign-nonsingular as well.
Corollary 4. For A ∈ Rn×n, either An! is sign-singular or id ∈ Σ(An!).
Corollary 5. Assume A,B ∈ Rn×n and both An!Bn! and Bn!An! are sign-
nonsingular. Then
[
An!Bn!
]
ii
=
[
Bn!An!
]
ii
for every i.
Proof. By Theorem 2, both An!Bn! and Bn!An! have permanent perm(An!) +
perm(Bn!), which is equal to
∑n
i=1
[
An!
]
ii
+
∑n
i=1
[
Bn!
]
ii
by Corollary 4. The
definition of tropical product implies
[
An!Bn!
]
ii
≤
[
An!
]
ii
+
[
Bn!
]
ii
,
[
Bn!An!
]
ii
≤[
An!
]
ii
+
[
Bn!
]
ii
, thus
[
An!Bn!
]
ii
=
[
Bn!An!
]
ii
=
[
An!
]
ii
+
[
Bn!
]
ii
. 
Let us turn our attention to sign-singular matrices of order 3. We will use the
following characterization, which is well-known in tropical linear algebra.
Lemma 6. [2] Let a matrix A ∈ R3×3 be sign-singular. Then there are matrices
P ∈ R3×2 and Q ∈ R2×3 satisfying PQ = A.
Proof. In terms of [2], we need to show that the factor rank of A cannot exceed 2 if
its determinantal rank does not exceed 2. This result follows from Theorem 8.3 and
Corollary 8.12 of [2]. 
We finalize the section by showing how to construct identities for matrices which
admit factorizations as those in Lemma 6.
Lemma 7. Consider matrices A = P1Q1 and B = P2Q2, where P1, P2 ∈ R
(n+1)×n
and Q1, Q2 ∈ R
n×(n+1). If the identity Un(A
′, B′) = Vn(A
′, B′) holds for all matrices
of order n, then Un(A,AB)A = Vn(A,AB)A.
Proof. This follows from the equalities Un(A,AB)A = P1Un(Q1P1, Q1P2Q2P1)Q1
and Vn(A,AB)A = P1 Vn(Q1P1, Q1P2Q2P1)Q1. 
4. Identities for matrices that are not diagonally dominant
Now let H be a positive real; we say that a matrix A ∈ Rn×n is diagonally H-
dominant if the inequality Aij ≥ max{Aii, Ajj}+H |Aii −Ajj | holds for all i, j. We
say that A,B ∈ Rn×n are a diagonally H-dominant pair if (1) Aii = Bii, for all i,
and (2) the matrix A ⊕ B, whose (i, j)th entry equals min{Aij , Bij}, is diagonally
H-dominant.
Remark 8. Izhakian [6] considers the tropical semiring extended by an infinite positive
element∞, and defines a matrix A to be upper triangular if Aij =∞ whenever i > j.
We note that any pair (U, V ) of upper triangular matrices satisfies [UV ]ii = [V U ]ii,
for any i. In other words, the pair (UV, V U) is the limit of a sequence of pairs similar
to diagonally H-dominant pairs, for arbitrarily large H .
Let us prove some properties of diagonally dominant matrices.
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Lemma 9. [10] Let a matrix M ∈ Rn×n satisfy Mii = 0, for any i ∈ {1, . . . , n}.
Assume that for any permutation σ on {1, . . . , n}, it holds thatM1σ(1)+. . .+Mnσ(n) ≥
0. Then M is similar to a matrix whose entries are nonnegative.
Proof. The Hungarian method [10] allows one to find ri, sj ∈ R such that M
′
ij =
Mij + ri + sj is nonnegative for any i, j, and there is a permutation τ such that
M ′1τ(1) + . . .+M
′
nτ(n) = 0. From the definition of M
′ we get Σ(M) = Σ(M ′), which
implies M ′11 + . . .+M
′
nn = 0, and we conclude that ri = −si. 
Lemma 10. Let C be an n-by-n matrix and H a positive real. Assume that for any
set K ⊂ {1, . . . , n} and for any cyclic permutation σ on K it holds that
∑
κ∈K
Cκ,σ(κ) ≥ |K|max
κ∈K
{Cκκ}+H
∑
κ∈K
|Cκ,κ − Cσ(κ),σ(κ)|.
Then C is similar to a diagonally H-dominant matrix.
Proof. Consider the matrix D defined as Dij = Cij −H |Cii − Cjj | −max{Cii, Cjj}.
For any K ⊂ {1, . . . , n} and a cyclic permutation σ on K, we have
∑
κ∈K
Dκ,σ(κ) =
∑
κ∈K
Cκ,σ(κ) −H
∑
κ∈K
|Cκ,κ − Cσ(κ),σ(κ)| −
∑
κ∈K
max{Cκ,κ, Cσ(κ),σ(κ)},
so that
∑
κ∈K Dκ,σ(κ) ≥ |K|maxκ∈K{Cκκ} −
∑
κ∈K max{Cκ,κ, Cσ(κ),σ(κ)} ≥ 0.
Now we see that the matrix D satisfies the assumptions of Lemma 9, so there exist
r1, . . . , rn ∈ R such that the numbers Dij − ri + rj are nonnegative for all i, j. So
the number C′ij = Cij − ri+ rj is not less than H |Cii−Cjj |+max{Cii, Cjj}, and the
matrix C′ is diagonally H-dominant. 
The following is a key result of the section. We enumerate by w1, . . . , w2n ∈
{x, y}∗ all the words of length n taken in an arbitrary order, and we denote Γ(x, y) =
w1 . . . w2n .
Theorem 11. Let matrices A,B ∈ Rn×n satisfy id ∈ Σ(A)∩Σ(B) and Aii = Bii, for
every i. Let h be a positive integer. If A,B are not similar to a diagonally h-dominant
pair, then the matrix Γ(Ah+1, Bh+1) is sign-singular.
Proof. Denote C = A ⊕ B. Lemma 10 shows that, for some K ⊂ {1, . . . , n} and a
cyclic permutation σ on K, we have
(4.1)
∑
κ∈K
Cκ,σ(κ) < |K|max
κ∈K
{Cκκ}+ h
∑
κ∈K
|Cκ,κ − Cσ(κ),σ(κ)|.
We can assume that σ = (k1 k2 . . . kt) and that Ck1k1 is maximal over all Ckk with
k ∈ K. We set X(i, j) = A when Aij < Bij , and X(i, j) = B otherwise. In this
notation, we have χij :=
[
X(i, j)h+1
]
ij
≤ Cij + hmin{Cii, Cjj}. (This inequality
follows from the definition of matrix multiplication.)
Denoting by P the product (X(k1, k2))
h+1 . . . (X(kt, k1))
h+1, we obtain Pk1k1 ≤
χk1k2 + . . .+ χktk1 again by the definition of matrix multiplication. We get
Pk1k1 ≤
∑
κ∈K
Cκ,σ(κ) + h
∑
κ∈K
min{Cκ,κ, Cσ(κ),σ(κ)},
which implies by taking into account (4.1) that Pk1k1 < (h + 1)|K|Ck1k1 . By the
definition of matrix multiplication, we have Pii ≤ (h + 1)|K|Cii for all i, so that
perm(P ) < (h+ 1)|K|
∑n
i=1 Cii.
If Γ(Ah+1, Bh+1) was sign-nonsingular, so would be P by Corollary 3. Then The-
orem 2 would imply perm(P ) = (h+ 1)|K|
∑n
i=1 Cii, which is a contradiction. 
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5. Identities for diagonally dominant matrices
In this section, we construct a semigroup identity which holds, if H is sufficiently
large, for diagonally H-dominant matrices. This result is a generalization of a similar
result [6] for upper triangular matrices, as Remark 8 shows (because the tropical
operations are continuous).
Lemma 12. Let A ∈ Rn×n be a diagonally H-dominant matrix. Then, for any fixed
index i, the expression
α = Aii1 +Ai1i2 + . . .+Aih−1ih +Aihi
attains its minimum when i1 = . . . = ih = i, provided that h+ 1 ≤ H.
Proof. Let us remove an arbitrary term ik from the sequence (i, i1, . . . , ih, i) if it
is equal to the preceding term. Denote the resulting sequence as J = (j0 . . . jt);
denote by j ∈ J the index for which Ajj is minimal. Assuming t > 0, we get
α ≥ Aj0j1 + . . .+Ajt−1jt + (h− t+ 1)Ajj . Since A is H-dominant, we obtain
α ≥ (h+ 1)Ajj +H
t−1∑
τ=0
∣∣Ajτ jτ −Ajτ+1jτ+1
∣∣ .
The triangle inequality implies α ≥ (h + 1)maxg∈J Agg ≥ (h + 1)Aii. It remains to
note that α = (h+ 1)Aii when i1 = . . . = ih = i. 
In the following lemma, we denote by G ∈ {A,B}∗ an arbitrary word which con-
tains, as subwords, all the words from {A,B}∗ that have length n.
Lemma 13. Let A,B ∈ Rn×n be a diagonally h-dominant pair; denote by g the length
of G and assume h = 2ng + 1. Choose X(ng+1) ∈ {A,B} arbitrarily and denote by
X(t) the tth letter of the word GnX(ng+1)Gn. Then, for any fixed κ0 and κh, the
expression
β = X(1)κ0,κ1 + . . .+X
(h)
κh−1,κh
attains its minimum on some tuple (κ1 . . . κh−1) satisfying κng = κng+1.
Proof. Step 1. For n = 1, the result is trivial; we assume n > 1 and proceed by
induction. Let a tuple K = (κ1 . . . κh−1) provide the minimum for β. By Lemma 12,
we can assume that κp = κq implies κr = κp, provided that p < r < q. Now the
consideration splits into the two cases each of which we treat separately.
Step 2. Assume there is u ≤ g such that κ0 6= κu (or, similarly, there is u ≥ h− g
such that κh 6= κu). By Step 1, κ0 does not occur among κv with v ≥ g (in the latter
case, κh does not occur among κv with v ≤ h − g, respectively). Let us set cg = κg
and ch−g = κh−g. By induction, we can find indexes cg+1, . . . , ch−g−1 which minimize
the expression X
(g+1)
cg ,cg+1 + . . .+X
(h−g)
ch−g−1,ch−g and satisfy cng = cng+1. Now we are done
if we change κu in K with cu, for any u ∈ {g, . . . , h− g}.
Step 3. Now we can assume that κi = κ0 if i ≤ g, and that κi = κh if i ≥ h − g.
Denote by e any index for which Aκeκe is minimal possible; by {j1, . . . , jt} denote
the set of all indexes j satisfying κj−1 6= κj . Up to renumbering, we can assume
j1 < . . . < js ≤ e < js+1 < . . . < jt.
By convention,G has a subwordX(j1) . . .X(js), so there are consecutive integers r+
1, . . . , r + s ∈ {1, . . . , g} satisfying X(jσ) = X(r+σ), for any σ ∈ {1, . . . , s}. Similarly,
there are consecutive integers q + s + 1, . . . , q + t ∈ {h − g + 1, . . . , h} satisfying
X(jpi) = X(q+pi), for any pi ∈ {s + 1, . . . , t}. Now we set (1) ci = κ0 if i ≤ r, (2)
ci = κh if i > q + t, (3) ci = κe if r + s < i ≤ q + s, (4) cr+σ = κjσ if σ ∈ {1, . . . , s},
(5) cq+pi = κjpi if pi ∈ {s + 1, . . . , t}. It remains to note that cng = cng+1 = κe and
X
(1)
c0,c1 + . . .+X
(h)
ch−1,ch ≤ β. 
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Let us prove the main result of the section. Assuming that w1, . . . , w2n is a list of
all words over the alphabet {A,B} that have length n, we denote Γ = w1 . . . w2n .
Theorem 14. If H ≥ n2 2n+1 + 1, then the identity ΓnAΓn = ΓnB Γn holds for
every pair A,B of diagonally H-dominant n-by-n tropical matrices.
Proof. Assume G = Γ and apply Lemma 13. For any κ0, κh, the quantities
[ΓnAΓn]κ0κh and [Γ
nB Γn]κ0κh are equal to the minimum of the expression β, and,
by Lemma 13, this minimum does not depend on X(ng+1). 
6. The main result
Let us apply the developed technique to construct a non-trivial identity which
holds in the semigroup of tropical 3-by-3 matrices.
Theorem 15. Let A, B be tropical 3 × 3 matrices. Let C1 = A
6B6, C2 = B
6A6,
Γ(x, y) = w1 . . . w8, where w1, . . . , w8 ∈ {x, y}
∗ are all possible words of length three.
Define the words U(x, y) = x2y4x2x2y2x2y4x2, V(x, y) = x2y4x2y2x2x2y4x2, and
Hi = Γ
(
C1461 , C
146
2
)
Γ3(C1, C2)Ci Γ
3(C1, C2)
for i ∈ {1, 2}. Then U (H1, H1H2)H1 = V (H1, H1H2)H1.
Proof. The main result of [8] states that U = V is an identity in the semigroup of
tropical 2-by-2 matrices. So if H1 and H2 are sign-singular, then the result follows
from Lemmas 6 and 7. Otherwise, C1, C2, and Γ
(
C1461 , C
146
2
)
are sign-nonsingular by
Corollary 3. From Theorem 2 and Corollary 4 it follows that id ∈ Σ(C1)∩Σ(C2), and
Corollary 5 implies [C1]ii = [C2]ii for all i. Now we use Theorem 11 to conclude that
C1, C2 are similar to a diagonally 145-dominant pair. From Theorem 14 we deduce
H1 = H2, in which case the result follows because U(x, x) = V(x, x). 
7. A comment on the recent paper by Izhakian
One of the reviewers informed me of the recent paper ’Semigroup identities of
tropical matrix semigroups of maximal rank’ by Zur Izhakian.1 I would like to thank
the reviewer for doing this, and now I am going to compare the progress achieved in
Izhakian’s writing with the content of the present paper. An important thing to note
is that my paper appeared on arXiv2 one year before Izhakian’s paper was submitted
to Semigroup Forum. The present version differs from the first arXiv preprint by
minor corrections only, so the main results of my paper are anyway original.
As the abstract and introduction of Izhakian’s paper suggest, the only substantial
result of it is the existence of an identity that holds in any semigroup consisting of n×n
non-singular tropical matrices. This result follows from my technique immediately.
Corollary 16. There is a non-trivial identity that holds in any semigroup consisting
of sign-nonsingular tropical n× n matrices.
Proof. Any matrices X , Y in this semigroup satisfy id ∈ Σ(Xn!) ∩ Σ(Y n!) by Corol-
lary 4, and the diagonals of A = Xn!Y n! and B = Y n!Xn! coincide by Corollary 5.
For any h, the pair (A,B) is similar to a diagonally h-dominant pair by Theorem 11,
so the matrices satisfy the identity as in Theorem 14. 
We note in passing that Izahkian proves Corollary 16 for the tropical non-singularity
of matrices, which is a more restrictive property than sign non-singularity. 3 This
means that Corollary 16 is strictly stronger than the result of Izhakian’s. More than
1Semigroup Forum 92(3) (2016) 712–732.
2Preprint (2014) arXiv:1406.2601v1.
3Recall that square matrix A is tropically non-singular if Σ(A) is a singleton set.
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that, Corollary 16 is implicitly contained in the first arXiv version of my paper, in
which I write that Theorems 11 and 14 ’reduce the problem of constructing an identity
to sign-singular matrices’.
The lack of originality in the substantial results of Izhakian’s paper is an unpleasant
circumstance, but it was even more disappointing for me to learn that the technique
used by him looks very similar to my method and gives no improvement to it. In
fact, Proposition 2.4 in his paper coincides4 with my Theorem 2, his Lemma 2.8 is my
Corollary 4, his Corollary 2.16 is my Corollary 5. These statements form an important
part of the argument, and Izhakian does not mention that they appeared earlier in
my paper.
Let me stress that Izhakian was aware of my paper because he have cited it. In the
only mention of my paper, he writes that the ’semigroup identities of tropical matrices
have been ... dealt restrictively’ in my paper. I have no idea what is this supposed
to mean, but these are definitely not the words that should be written about a paper
that already contains the results a person is trying to prove.
Besides the facts mentioned above, it should be noted that the argument leading
Izhakian to his version of Corollary 16 is not valid. In particular, the first sentence
of the ’proof’ of Lemma 2.11 says that the author is going to prove that the graph
GB is ’1-cyclic reducible’ while Definition 2.10 introducing the 1-cyclic reducibility of
matrices says that we need to discuss a completely different graph G〈B〉 instead. The
same ambiguity appears in Theorem 2.22, and its precise meaning (if any) also remains
unclear. I do not immediately see how to correct the argument, and I am not sure that
arising difficulties are only caused by the complicated notation. Unfortunately, these
issues were left unnoticed by the authors of the recent paper [4], who give Izhakian’s
writing as a reference to a version of Corollary 16 as if it was really his result and as
if he had really proved it.
8. Further work
Situations like the one described in the above section appear to be very discour-
aging, but I hope to stay motivated enough to develop the study of this paper. A
reasonable objective of further research is to write up the proof of the n× n version
of Conjecture 1.
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